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Existence of Integral Manifolds for Impulsive
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A theorem of existence for t - +00 of integral manifolds of impulsive equations
is proved under the assumption that the spectrum of the linear part of these
equations may contain points lying in a neighborhood of the imaginary axis.

1. INTRODUCTION

Impulsive differential equations constitute a useful mathematical
apparatus for the investigation of evolutionary processes in science and
technology. However, the mathematical theory of these equations has
developed rather slowly. This is due to the presence of such phenomena as
merging of solutions, dying of solutions, “beating,” loss of the property of
autonomy, etc.

The development of the mathematical theory of impulsive differential
equations began with the work of Mil’'man and Myshkis (1960, 1963), while
the work of Bainov et al. (1988a,b; 1989) marked the beginning of the
mathematical theory of the same equations in abstract spaces. The first
monograph dedicated to this subject was by Samoilenko and Perestyuk
(1987).

In the present paper a theorem of the existence of integral manifolds
bounded for ¢ » +00 for impulsive equations is proved under the assumption
that the spectrum of the linear part of these equations may contain points
lying in a neighborhood of the imaginary axis. In Samoilenko and Perestyuk
(1987) integral manifolds for t >0 or t— —c¢ of impulsive equations in
finite-dimensional space were investigated under the strong assumption that
the spectrum does not intersect the imaginary axis.
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2. STATEMENT OF THE PROBLEM

Let X be a complex Banach space with norm | -||. Consider the
impulsive equation

——=Ax+F(t,x)|,¢," (1)

Ax|i=y, = Bx(t,—0)+ L,(x(1,—0))  (neZ) (2)

where Z is the set of all integers; Ax|,—,=x(7+0)~x(r-0);
F(t, x):(—00,00)x X > X is a function which is continuous with respect to
t for t#1, (n=1,2,3,...) and with respect to x, and at the points ¢,
(n=1,2,3,...) it has discontinuities of the first kind and is continuous
from the left; A, B: X » X are linear bounded operators; I,: X > X (ne Z)
are continuous impulse operators; £, (n€ Z) are fixed moments of impulse
effect which satisfy the conditions
<<y < < e lirilcot,,,=:too 3)

Definition 1. A solution of impulsive equation (1) with condition (2)
is called a piecewise continuous function x(¢) with discontinuities of the
firstkind at the points t=1¢, (n=1,2,3,...)whichfort#t,(n=1,2,3,...)
satisfies equation (1) and for ¢ =1, satisfies the condition of a “jump” (2).

We say that condition H is satisfied if the following conditions hold:

H1. Uniformly in t € (—00, c0) there exists the limit

. i t+T)
il_r)xgo B <

where i(a, b) is the number of the points ¢, lying in the interval {a, b).

H2. The operators A and B commute with each other and the operator
I+ B has a logarithm L, (I + B) (I is the identity operator in the space X).

Set

A=A(p, A, B)=A+pL,(I+B) (4)

Assume that the spectrum o (A) of the operator A admits an « decompo-
sition, i.e., 0(A) can be decomposed into two spectral sets

a(A)=a(A)u oy(A)
so that for a > 0 the following inequalities are valid:
[Re A|>a for Ae€o,(A)

[Re A< a for Aeo(A)
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As usual (see, for instance, Daleckii and Krein, 1974) by P, P,, X, and
X, we shall denote the spectral projectors and the subspaces X; and X,
invariant with respect to A corresponding to the spectral sets o,(A) and
o,(A). Then
Let A;,=PA (i=1,2) and
A¥a)=inf{|[Re A|: Aeco,(A)} )
Ag(a) =sup{|Re A|: Aeo(A)}

Then (see, for instance, Daleckii and Krein, 1974) for any 8§, € (A,(a), a)
there exists a number N, >0 such that

M=) = N, el (6)
and for any 8,€ (a, A*(@)) there exists a number N, such that
[P et "= Nye 2 (1<7)
IPs I =Ny (s 7

where P3 are the spectral projectors of the operator A, corresponding to
the spectral sets o.(A,) [.(A,) are the parts of the spectrum a(A,) = o,(A)
containing the spectral points of A, with positive real part and negative
real part, respectively].

Definition 2. An integral curve or trajectory of the solution x(z) of
impulsive equation (1), (2) we shall call the set of points (z, x(¢)) in the
extended phase space (—o0, o) x X.

Definition 3. An integral manifold of impulsive equation (1), (2) we
shall call the set M (—00, c0) X X which consists of the integral curves of
this equation.

We shall investigate integral manifolds of impulsive equation (1), (2)
which are described by equations of the form

x; = (1, X1) (8)
with values in X, and defined for t € (-0, o) and x, € X].

Definition 4. The function ¢(¢, x,) defined in (8) is called a parametriz-
ation of the respective integral manifold.

By L we shall denote the linear space of all functions ¢ (1, x,) : (—00, 00) X
X, - X, which with respect to their first argument are continuous for ¢ # ¢,
at the points ¢ = t, have discontinuities of the first kind and are continuous
from the left, and with respect to their second argument satisfy the Lipschitz
condition with a constant independent of .
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By L, denote the subset of L consisting of all functions ¢(f, x,)
satisfying the condition

le (s, x1) = (4, x)l|= [ x1 = %] Gxr, x2€ X5) 9

where 1 = const> 0.
By L(c, n) denote the set of functions of L, for which

||‘P(t’ xl)“Sc(te(_wa w): xlexl) (10)

where ¢, n >0 are constants.

In the present paper integral manifolds for impulsive equation (1), (2)
with parametrizations of the set L(c,n) for given ¢>0 and 7 >0 are
investigated.

Definition 5. The measurable function a(s):(—oc, )~ B, where B is
an arbitrary Banach space with norm ||+ ||, is called integrably bounded
(with constant A) if

1 t+7 .
sup—J |a(s)|pds<A<
>0 T J;

We shall say that the function F(¢, x): ((—0, c0)\{f,}) x X - X belongs
to the class K(m, g, M, Q) if F(t, x) is continuously continuable in each
interval [t,, t,.,] and for x,ye X and te((—oco,0)\{t,}) the following
estimates are valid:

IE(, x)|=m(r),  |[F(,x)=F@»l=q0)]x-y

where the functions m(t)=0 and q(#)=0 are integrally bounded with
constants M and G, respectively.

We shall say that the couple {F(1, x), I,(x)} belongs to the class
K(m, g, M, Q) if F(t, x)e K(m, g, M, Q) and, moreover, the following esti-
mates are valid:

IL=M, L&) -LO|=Qx-y| (neZ; xyeX)

3. AUXILIARY LEMMAS

Lemma 1. Let the following conditions be fulfilled:
1. Condition H holds.
2. The spectrum o(A) of the operator A=A+ pL,(I+ B) does not
intersect the imaginary axis.
3. The inequality sup,.z||h. | < (h,e X, n=1,2,3,...) holds.
Then, if the function f(¢) is continuous for ¢# ¢, and at the points
=t, it has discontinuities of the first kind and is continuous from the left
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and is integrally bounded, then the impulsive equation

dx
= A (1), (an
x(t,+0)—x(t,) = Bx(t,)+h, (12)
has a unique bounded solution x(¢) which is given by the formula
x(t) =J G(t,rydr+ Y G(t, t)h (13)

where the function G(t, 7) has the form

—p_ M (I+ B)[i(l,T)*PJI‘TU, (<7
P+ eA(l—T) (I_*_B)[i(fﬂ')‘l’l’_ﬂ]’ <t

G(t,7)= { (14)
P, and P_ are the spectral projectors corresponding to the spectral sets
o (A) and o_(A)[o.(A) are the parts of the spectrum o (A) of the operator
A lying respectively in the right and left half-planes].

The proof of Lemma 1 is a minor modification of the proof of
Theorem 1 (Bainov et al., 1988b).

Remark 1. Under the assumptions made in Lemma 1 there exist con-
stants K >0 and & >0 for which the following estimate is valid:

IG(1,7)|=Ke™"™",  t,re(~%,) (15)

Definition 6. The function G(1, 7) is called the Green’s function of the
homogeneous impulsive equation

dx
E=Axlt#t,,a Ax|t=r,,:Bx(tn)

Lemma 2. Let the conditions of Lemma 1 hold. Then for any p>0
there exist constants M and Q such thatif the couple {F(t, x), I,(x)} belongs
to the class K (m, g, M, Q), then the impulsive equation (1), (2) has a unique
solution x(t) lying in the ball S,, i.e.,

sup [ix(1)]=p
—oC < { <O

Proof. Let x(t) be a solution of impulsive equation (1), (2) lying in
the ball S,. Then the function F(t, x(¢)) is integrally bounded and by Lemma
1 the solution x(t) of impulsive equation (1), (2) satisfies the equation

X(l)=ro G(t, T)F(r, x(7)) dr+ OZO G(1, 6) Ii(x(1;)) (16)

—oo i=-—0o
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Later the proof is carried out by means of the principle of the contracting
mappings of Banach-Caccioppoli, proving in a standard way that if M and
Q are small enough, then equation (16) has a unique solution which lies
in the ball S,.

Let the operator A defined in (4) admit an « decomposition and let
P,, P,, X,, and X, be the projectors and the corresponding subspaces of
X invariant with respect to A defined in Section 2.

Then, if the integral manifold (8) contains the integral curve (¢, x(t))
and if we set (t) = P,x(t), then the following equality is valid:

x(8) =¢()+ (s, ¥(1)) (17)

Impulsive equation (1), (2) can be represented as a system of two
impulsive equations

dx
d_tlz 1+ Fi(t, x1+x2)|t#r,,
(18)
Ax|,—,, = Bix (1) + I (x,(1.) + x5(1,))
dx
—dt_2: Axxy+ Fy(t, x, +x2)|r¢r,,
: (19)
Ax2|r=1,, :32x2(tn)+In(xl(tn)+x2(tn))

where x;= Px, F,=PF, B;=PB, A;=PA, I, =PI, (i=1,2).

Let (2, x(t)) be an integral curve belonging to an integral manifold with
parametrization ¢(f, x;) of the set L(c, n). Then the functions x, = ¢/(t) =
Px(1) and x,=¢(t, (1)) satisfy the system of impulsive equations (18),
(19). |

Lemma 3 (Daleckii and Krein, 1974). Let the function f:(—00, c0) X
X - X be continuous and satisfy the conditions

1£(2, x)|| = M, (1) + Mo( )| x||
Lf(2, x)=f(t, y) | = Mx(t) | x— ¥

where x, y € X, t € (—0, ©), and the functions M,y(t), M;(t), and M,(t) are
integrally bounded.
Then for x,e X and t € (—o0, o0) the differential equation

dx
—=1)

has a unique solution x(t) [t (—00,0)] satisfying the initial condition
x(O) =Xgp-
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Lemma 4. Let the following conditions be fulfilled:

1. Condition H holds.

2. The operator A= A+pL,(I+ B) admits an a decomposition.
3. @(t,x)€ L(c, m), {F(1,x), I,(x)} € K(m, g, M, Q).

Then the impulsive equation

dyr

E;:A1¢+F1(t,‘//+¢’(t, ‘l/))lr#r,, (20)

AYl,y, = Bigp(t) + 1(d+ o1, ¢))].=,, (21)

has for any x;0€ X, fixed a unique soltution (¢} =¥ (¢, 7, x,0|¢) for which
\P(Ta T, xlO"P):xlO

Proof. Each integral curve of impulsive equation (20), (21) consists of
pieces of integral curves of the ordinary equation (20).
The proof of Lemma 4 follows from the estimates

IF.(t o'+ ot ¢") — Fi(t, ¢"+ o (L ¢") | = (U + ) o' =" (22)
I+ @ (6 ) = L + (8, y"Dliwy, I = QU+l -y (23)

and from Lemma 3.
Thus, Lemma 4 is proved. W

We note that estimates (22) and (23) are valid for the operators F, and
I? as well.
The function (¢) can be represented in the form

(1) = (1, 7')7‘10““[ &1, s)Fi(s, y(s)+ (s, ¢(s))) ds

+ ¥ &y ti)I:((»l’(ti)"‘QD(ta (1)) (24)
T <t
where the operator-valued function
Gi(t, 5)= MU (I+ B 7T (1=) (25)
is the Cauchy evolutionary operator of the homogeneous impulsive equation
ay
E=A1‘//ll#t,, (26)
Al/’lr:r,,‘_‘Bl'!’(tn) (27)

Denote by G,(t, 7) the Green’s function of the homogeneous impulsive
equation
dx,

Td—tﬁ = A2ler#t,, (28)

Axy| =i, = Boxy(1y,) (29)
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Lemma 5. Let the following conditions be fulfilled:

1. Condition H holds.

2. The operator A=A+ pL,(I+ B) admits an a decomposition.

3. o(t,x;)€ L(c, m), {F(t,x), L,(x)}e K(m, g, M, Q).

Then for sufficiently small values of M and Q the function x,(t)=
@(t, (1)), where (t) is a solution of the impulsive equation (20), (21),
satisfies the integral equation

x(7) = JMO Go(t, ) Fy(t, ¢ (1) +x,(1)) dt

—o0

+‘_Z Gy(7, ti)I%(l[’(ti)‘*'xz(ti)) (30)
The proof of Lemma 5 follows from the fact that the spectrum of the
operator A, = P,A does not intersect the imaginary axis and from Lemma 2.
Let x, € X; be a fixed element. For fixed 7 choose such a solution ¢(7)

of the impulsive equation (20), (21) which is equal to x; for t = 7:

¢(t) =\P(t: 7 x1|¢)

Then from (30) for the function ¢(1, x,) the following integrodifferential
equation is obtained:

<

QD(’T, xl) :J GZ(T’ t)FZ(t5 ‘I,(ta 7 xll(p)+(p(t9 '\I’(t’ T, x1,¢)) d’

+ T Giln B, 7 3le)+ 901, (1, 7, x,(0))) (1)

The function ¢(t, x,)} € L(¢, n) which defines the integral manifold of
the impulsive equation (1), (2) satisfies equation (31). Conversely, if
equation (31) has a solution which satisfies conditions (9), (10), then this
solution defines an integral manifold of the impulsive equation (1), (2) with
a parametrization

e(t, x1) € L(c, m)
For further investigations the following lemma is necessary.
Lemma 6. Let the following inequality be valid:
u(t)= J v(su(s)ds+F(t)+ Y Bu(r)+ ¥ (1)
to fo<Ti<t to<T; <t

where the function u(t) is piecewise continuous with discontinuities of the
first kind at the points t=7; (ro<7,< «+-,lim, 0 7, =), v(s)=0is a
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locally integrable function, F(¢) and «;(¢) are nondecreasing functions for
te [th w)’ and ai(t)9 Bi =0.
Then the following estimate is valid:

u(t)S[F(t)+ > a,-(t)] I1 (1+B,-)eprtv(s)dS]

to<7;<<t g<T7;<1

Lemma 6 is a trivial consequence of the lemma of Gronwall-Bellman.

We shall estimate the norm of the Cauchy evolutionary operator ¢,
[see formula (25)]. Let condition H1 hold. Then for £>0 the following
estimate is valid:

“(I+Bl)—p(r—s)+i(1,s)”Sd(s) ee]|Ln(I+Bl)H-|r—s| (IES) (32)

where d(e)> 0 is a constant.
From (6), (25), and (32) there follows the estimate

.1, s)|| = Ny(g) 1l (33)
where

8:(g)=8,+¢|L,(I+By)| (34)

Ni(e)= Nyd(g) (35)

Lemma 7. Let the conditions of Lemma 5 hold and let the numbers
8;(g)>0 and N,(g)>0 be defined by (34) and (35). Then the operator-
valued function ¥ (¢, 7, x;|¢) which is a solution of the impulsive equation
(20), (21) with initial condition ¥ (7, 7, x,|¢) = x, satisfies the inequality

[¥(1, 7, xMe™) =W (t, 7, xP] o)

= Nl(e){ Ix{? = x| et BN 1+ QN (€)1

|

+ 3 Qeni e‘*o"‘f'supllqom(t.-,xl)w@’(t,.,xznl]

Tt x)

t
f q(s) P Pell=) Pal ™D supllo (s, x,) — (s, x,)|| ds
xi

-

x[1+ QNI(.e)]"“"’} (36)

where Bo = N,(g)(1+1)Q~0as Q-0 and ¢ fixed.
Proof. Introduce the following notations:
X)) =¥(1, 7, x{"|e'")
x{P()=(1, 7, xP|e'?)

() =2, 7, x{"le?)
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Then from formula (24) it follows that the functions x{"(¢), x{*(¢), and
x,(t) satisfy, respectively, the equations

x(£)=¢(t, T)x{" + J’, b1(t, $)Fy(s, x(s)+ ¢ (s, x(s))) ds

+ ¥ alts, DIH(x(8)+ (8, x(1)))

T <t

x(1) = (1, 7)x? + J’I ¢1(1, ) Fi(s, x(s)+ ¢ (s, x(5))) ds

+ ¥ it DIHx(8)+ P (8, x(1)))

TH<T

x(1)= ¢ (8, T)xi" + Jr d1(t, $)Fi(s, x(s)+ (s, x(s))) ds

T

+ Y ot DIHx() + 0P (1, x(1)))

T<t<<t

Let t= 7. In view of (33), (22), and (23) we obtain the inequalities

1x57(6) —x:(0)]]

=

‘[r $1(t, (s, xiV(s) + 0 V(s, x17(5)))

= Fi(s, x,(s)+ 90(”(& x1(8))+ Fi(s, x,(s)+ ¢(1)(S, x,(5)))

= Fi(s, x,(8) + ¢@(s, x,(5)))] ds

r ot t)[I}(x(ll)(ti) +oW(t, xiV(1,)))

Tt

+
= I(x: (1) + oV (1, x,(1:)))

+I (% () + 0V (1,, x () = T (x, (1) + ‘P(z)(tia x(t))] H
= Ni(e)(1+7) J’, g(s) e |x{V(s) —x,(s)| ds

1
+ Ny(e) J q(s) e suplle (s, x1) = (s, x1)| ds

+ X Nl(s)(1+n)Qea'”)“"") Nx(ll)(ti)‘xx(ti)“

Tt

+ ¥ N1(€)Qe5‘(8)(t"')SUPIW(”([Uxl)“‘P(z)(ti,xl)”

T X1
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Set u(t) = e~ || x{V(¢) — x,(1)|. Then for the function u(¢) we obtain
the inequality

t 1

q(s)u(s) dS+N1(g)J’ g(s) e=®u(e)s

-

u(t)SNl(e)(Hn)J

T

Xsup“cp( (s, %) —p@(s, x)llds+ Y  Ny(e)(1+7n)Qu(t)

Tt

+ Z Ni(e)Qe” "5‘“)SUDII¢‘”(IUXI) (1, x,)|

T <<t

Lemma 6 implies the estimate

P

u(r)= [Nl(e) J q(s) e suplleW(s, x1) — 0 P(s, x,)|| ds

+ Z Ni(e)}Qe” Ia(E)SUP”@(l)(fz,xl) ‘P(Z)(tnxl)u]

X H [1+ QN (¢)] exp[Nl(e)(1+77)J q(s) ds]
hence
[z, 7, x{V]e") (1, 7, x{le)|

S{NI(S)J. q(s) e sup)l (s, x,) — (s, x,)| dx

+ X Nl(s)Qesl(sm I')SUPHGD( )(tl’xl) ‘P(z)(tnxl)”}

T <t

X[1+ QNI(E)T(H) eN (8)(1+7))Q(1 )

3
= Nl(g){j q(s) e[él(e)wo](r—s) eBO(s—v) sup”qo(l)(s, x,)—qo(z)(s, xl)” ds
T Xy

+ L Ni(£)Qe ) gfolim SUPIW”(I.,XI) (”(ti,xl)ll}
Tt
X[1+ QN,(£)]"™" (37)

where Bo = Ny(g)(1+71)Q.

The case t <7 is considered analogously

For the expression ||V (¢, 7, x{V|¢P) —W(t, 7, x| ?)| for t=17 we
obtain the estimate

(s 516 ®) (1, , x|
<= N (E) e§ (e)(t—7) ”x(ll)__x12)“[1+QNI(E)]I'(T,I) eNl(s)(1+77)Q(t—-r)
= Ni(e) [ xi” = x| €PN 14 QN ()] (38)

The case t <7 is considered analogously.
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Inequality (36) follows from inequalities (37) and (38).
Lemma 7 is proved. W

4. MAIN RESULT

Theorem 1. Let the following conditions be fulfilled:

1. Condition H holds.

2. The operator A= A+ pL,(I+ B) admits an « decomposition.

Then for all numbers ¢> 0 and 5 > 0 there exist constants M, and Q,
depending only on A, p, ¢, and 7 such that if the couple {F(t, x), I,(x)}
belongs to the class IZ(m, g, M, Q) for 0<Q<Q,,0< M < M,, then the
impulsive equation (1), (2) has an integral manifold with a parametrization
of the set L(c, n).

Proof. First we note that the conditions of Theorem 1 imply the validity
of Lemmas 4, 5, and 7. We shall estimate the norm of the Green’s function
of the homogeneous equation (28), (29):

-P; et (I+ BZ)[i(r,T)*PI!—TH, t< 7

P;’ eAz(r'T) (I + Bz)[i(‘,f)_l"t*"'l], t>7 (39)

G(t, 1) = {

where the projectors P; and P, were defined in the formulation of
estimate (7).
Condition H1 and formula (39) imply the inequalities

||(I+ Bz)[i(r,r)—p\r—ﬂ]“ < dz(s) esHL,,(HBz)HIt—T\ (40)
1Ga(1, 7)[| = Niy(e) e (41)
where d,(&) >0 is some constant,
8:(e)=8,—¢|L,(I+B,)| (42)
N,(g) = N,d,(¢) (43)
From condition H1 it follows that for any & > 0 the estimate
it T)=cle)+(pFe)lt—1] (44)

is valid, where c{e)=0 is some constant.
Set

o(e)=(p+e)In[1+ON,(e)] (45)

Ro(e) =[1+QN,(e)]*" (46)
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Then the following inequality holds:
[1+ QNi(e)]"“" = Ro(e) €' (47)
Q
Set

30(8) = 52(8)—51(5)_50(3)_30
BQ= Nl(S)(l""'l)Q

Then the following equality is valid:

(48)

50(9) = [52_51'5”Ln(1+31)” -SHL,,(I+B2)H]
+(p+e)In[1+QN,(g)]- Ny(e)(1+1)Q (49)

By the choice of &,, &, [see (5)~(7)] we have 8,<8,, hence we can
choose £ >0 such that
52”51
IL.(I+By)||+ || L.(I+B))]

0<e< (50)
From equality (49) it follows that there exists a number Q, > 0 depend-
ing on ¢ such that for all Q: 0< Q < Q, the following inequality holds:

8o(e)>0 (51)

Consider the Banach space E consisting of all functions
@(t, x;): (=00, 0) x X; > X, which are continuous for t#¢,, at t =1, have
discontinuities of the first kind, are continuous from the left with respect
to t, and are bounded on (-0, 0) x X, with a norm

llellt= sup (s x| (52)

The set L(c, n) introduced in Section 2 is closed in E. We shall show
that there exist constants My> 0 and Q> 0 such that forall M, Q: 0< M <
M,, 0< Q< Q,, the operator S defined by the formula S¢ = ¢, where

oo

é(tﬁ xl) :J- GZ(T’ t)FZ(ta '\P(t, 7, xll¢)+¢(t’ \P(ts 7, xl’¢))) dt

+ _Az Go(r, t) LY (1, 7, x1|@) + o (1, V(L 7, X1]¢))) (53)

map the set L(c, n) into itself, is contracting, and hence it has in it exactly
one fixed point ¢(¢, x,).
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First we shall show that for small values of M the function ¢ satisfies
condition (10), i.e., ||¢||= ¢. Indeed, estimate (41) implies the inequality

||¢<t,7>||sN2(e>{j N (i) di+M Y e—S‘E""'f'}

—00 i=-—00

s}

From condition H1 it follows that there exists such a number />0 that
i(e, t+1)
l

i.e., any interval of length / contains not more than (p+1)/ points of the
sequence {t,}. Set

p|<1,  te(-0,x) (54)

20p+ 1)l 2e'
K(t)=£—_%, H(t)= e_, (1>0) (55)
1—e 1-e
Since 8,(g) >0 [see (50)], then
E e~ SNy
< E Z eAaz(e)h—ti[
k=—00 t+ki<t;<t+(k+1)!
© ) 20p+1)
s2@+1ﬂ{2eﬁM”}=IL%$£7=KMAQ] (56)
j=0 -

Let ko< 7=<ky+1. Then the following inequalities are valid:

‘[ e® XD m(t) di

—oC

k+1 [k
= OZ J e®20D m(f) di

k=-—00 J k-1
k
ket 8,(e)(k—1) 8,(e)(ky+1—1) 2 k&, ()
= Y e% m(t) dt = M e®'*"*% Y e
k=—c0 k-1 k=00
8,(g)
e’ M
=M——5=" H5:(e)] (57)

Analogously, the following inequality is proved:

© M
I LA m(t) dtS"2~ H{8,(e)]

T

From the above inequality and inequality (57) we obtain the inequality

Jw e 5Nt gy < MH{[8,(g)] (58)

—0o0
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From inequalities (53), (56) and (58), there follows the inequality
(L T = No(e {HL8:(e)]+ K[8:(e) IM (59)
Hence for all M € (0, M;) where

£

" Na(e){H[8(e)]+ K[5,(2)]}

the function ¢(t, x,) satisfies condition (10).
From (41), (53), (47), (51), (56), (58), and Lemma 7 there follow the
estimates

M, (60)

I16(7, x{V) = & (7, x|

SNZ(E)(1+7I){J'

o}

q(t) e—52(£)|!—‘r|
s o)

ool
x| ¥, 7, xVle) =W (1, 7, xP|)| dt+ § Qe N

i=—00

X ¥ (s, 7, x{V|@) = V(1 7, x(l”lso)il}

o«

= No(e)(1 +n){ j 4(1) eSO IN, () x40 — x| eloCerBoli—

=00

x[1+ QN (&)™ dt+ ¥ Qef‘sl(s)“f—"Nl(e)||x§”—x<12)||

i=—oc0

X e[S,(8)+BQ]|r,-—fI[1 + QNl(S)]i(s,t)}
< Na(e) Ny(e) (1 + )P = x| { J g(1) el 8B

0
XRQ((;‘) eSO(e)[r—TI dt+ Z Qe[~52(2)+§l(5)+50]|,A7|

i=—00

X Ro(€) eao("‘""_"}

ool

sNz(a)Nl(e)u+n>||x§”—x§”||{f q(1)

S
Xe—SQ(s)ft—‘rl dt+Q Z e—60|r1~7[}

j=—00

= Ny(£)Bol{H[80(e)]+ K[8o(e) 1} xi" ~ x| (61)
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Estimate (41) and Lemma 7 imply the estimates

“951(7, xl)—ﬁaz(T, xl)”
= NZ(E) J- e_SZ(E)!I_‘rl"FZ(t’ ‘If(t, 7, x1|¢1) + QD](I, ‘I’(t9 T, xll‘Pl)))

o0

—B(t, (1, 7, x)02) + @28, P (1, 71, Xi|@2) )| dt

+N2(€) Z e_SZ(E)lti_TlnI?(\p(tl" 7, x]!QD])

+o.(4, Y (1, T, x1|¢1))) - I%(\P(Ii, 7 x1|‘P2)
+ (1, U (i, 7, x:|01)))

el

=< N,(¢) J e~ %Nl

—o0

x[Wi(t)+ W,(1)1q(t) dt+ Ny(e) § oSNl

x[Wi()+ Wy(£)1Q (62)
where
Wi(2) = (1, 7, x: 1) =W (1, 7, x1| )|
Wa(t) = [l (2, U(1, 7, x4 1)) — @28, W (1, 7, x1|02)) |

We shall consider the case =7 (the case t<rt is considered
analogously). From Lemma 7 for the function W, (t) we obtain the
inequalities

t

Wi(t) = Ni(e) J. q(s) €20 Pl ds [, — |

T

X Ro(e) eI+ Ni(e) 3 Qe

Th <t
X eBO“_TlRQ(E) 65"(6)“_T|m¢1 — @4l

= Ni(e)Ro(e)lles — el elPote)+Bollt=ri

X{J g(s) e 9ds+Q ¥ esl(s’“_’f'} - (63)

7 Tt <t

Set

z iz

L(z)= (z>0); P(z)=(p+1)le,ze—_1 (z>0)  (64)

e’ —
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Let t=7+k+w (0=w<1). Then

t THk+1
J g(s) 2= dssJ' g(s) e g

T T

k T+i+1
=) J’ e T 0g(5) ds

i=0 Jr+i

k
< Z Qeﬁl(e)wél(s)(k—i)
i=0

5.(6) eal(s)(k-(-l) es‘(s) (e ,

- (e)w - 8,(e)(t—71

—-Qe e&,(E)_l Qeﬁl(e)_l €

= QL[5,(z)] =™ 65
1

Let />0 be the number defined by (54) and let t=7+ml+ 6 (0= 8 <1).
Then in view of (54) we obtain

m
Y el < Y ¥y eliedhi—t]
Tt Jj=0 rHjl<t;<a+(j+1)I

- ) 8,(e)(m+1)I _ ¢
=¥ (p+ DIV = (p+ )—mr—
j=0 et '"1

5,(e)l

=(p+t1\)l——F5—
(p+t )eSl(e)I_

1 eB‘(s)(ml+0) =P[61(€)] eSI(s)(l-*r) (66)

From (63), (65), and (66) there follows the estimate
Wi(1) = Ny () Ro(e)ller — @alll[ LL8:(2) 1+ P[8,(e)]] el (2l x8oll=1 (g7)
For W.(t) the following estimate is valid:

Wa(t) =lle, — @il + 7 W, (68)
Then from (62), (67), (56), and (68) we obtain

o

[ €:1(m1x1) — @2 m1%2) || = Ni(e) J eﬂsz(s)“_rlqa)

—00

X (Wi(1) +]le1 — @l + nWi(2)) + Ny(e)Q F et

j=—00

X (Wi(1) + [l — @l + nWi(1) < @1 — @2l Na(€)

x{[J 3—82(6)It—rlq(t) dt + Q Z e—éz(s)lt,-‘fl:l

—00 i=—co

T QN (£)Ro(e)[L(8:(e)]+ P[8:(¢))]
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=|le.— ¢’2“|Q{N2(3)[H[52(5)]+ K[8,(e)]]1+ Ni(e)Ro(e)
X[L(8:(g))+ P(8:(¢))]Ro(e) H[8o(£)]1+ K[8o(e)11 (69)

where the functions L(z), P(z), H(t), and K(¢) are defined in (64) and
(55) and continuous for z>0 and for >0, respectively.
From equality (49) and inequality (50), it follows that

lgrrz) 8o(e)=08,—8,—¢|L,(I+By)||—¢|L,(I+B,)|>0

5 [J-oo e_so(s)lt—rl dt+ E e—SQIri—TI]}S”|¢1_¢2”|Q

From (34), (50), and (51), there follow the inequalities 8,(¢)>0,
8,(2)>0, and 8,(g) > 0, whence in view of inequalities (59), (61), and (68),
there follows the existence of such a number Qy,> 0 that for 0< M < M,,
0< Q< Q, the operator ¢ = S¢ is contracting in the set L(c, ). From the
theorem of Banach-Cacciopoli, it follows that this operator has a unique
fixed point which is a solution of the equation ¢ = Se. We shall stress that
the choice of the numbers M, and Q, depends on the concrete choice of
the number ¢ in inequality (50).

It remains to show that the integral manifold constructed contains each
solution x(t) of the impulsive equation (1), (2) for which for t e (—c, c0)
the following inequality is valid:

IPx(1)]|<c (70)
Let x(t) be a solution of the impulsive equation (1), (2) which satisfies

inequality (69) and let (t)=P,x(¢), x(t)=P,x(¢). The function
(p(1), x(1)) is a solution of the system of equations

d
L A+ F 0+ (D],
Al/’ll=l,, = Bl‘jl(tn)-l_I}l(!l/(tn)-'_X(tn))

x=|" cuareusuexenes T

t L Gyt OL($(8) +x(1))
System (70) has a unique solution which satisfies the condition || x(#)|| =
¢ [te(—00,00)]. The proof of this fact is carried out by means of the
~ techniques applied above.
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Let y1,(t) be a solution of equation (20) with initial condition ,(t,) =
U(t,) and let x,(¢)=e¢(t, (1)) (—o<t<oo). Then the function
(1(2), x1(2)) also satisfies system (70). Hence ¢(t)=y;(t) and x(t)=
(1, (1)) (—oo<t<o00), i.e., the solution considered lies in the integral
manifold M with a parametrization ¢(, x,) of the set L(c, 7).

Theorem 1 is proved. I

S. CONCLUSION

The results of the present paper can be extended in a standard way to
impulsive equations with a linear operator A depending on ¢

By means of techniques analagous to the one applied in this paper a
theorem of the existence of integral manifolds bounded for ¢t » +c0 or t > —0
of the impulsive equation (1), (2) can be proved in the case when the
spectrum of the linear operator of this equation has points lying in a
neighborhood of the imaginary axis.
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